I. INTRODUCTION

V
ARIOUS technical processes and systems may be modeled by nonlinear ordinary differential equations (ODEs) (1) where :
, i.e., is an matrix that depends on , : , is open, and [2] .
If is regular, the point is called a regular point of (1) , provided that and are continuously differentiable [17] . In that case, the implicit ODE (1) is equivalent to the explicit ODE in some neighborhood of the point , and all the well-known local results on explicit ODEs apply [1] , [31] , [32] .
Even if is not a regular point of (1), there are methods that, if applicable, reduce the implicit ODE (1) in a neighborhood of the point to a vector field on some submanifold of containing [2] , [5] , [15] , [18] , [28] . To that vector field, in turn, local results analogous to those for explicit ODEs in apply [31] .
However, in certain applications including metal-forming processes [8] , fluid flows [7] , [12] , and nonlinear networks having impasse points [4] , [19] , [29] , the above-mentioned reduction methods are either not applicable, or the point in question is a singular point of (1) , i.e., is in the closure (in (2)- (4) with r = m = 1, n = 3, and = 01. (b) Trajectories of (1) near a standard singular point x ( = 01).
) of the submanifold obtained but not in that manifold itself, which implies that there is no solution of (1) passing through the point .
It is exactly that latter case that is studied in this paper. More precisely, we are concerned with singular points of index-0 and index-1 type [20] . (See Section II for a definition of these terms.)
As an example, let us consider the simple case
of (1) around the origin, where , , and . Here, the submanifold obtained from the above-mentioned reduction methods is determined by (4) and the restriction , and the vector field on it is given by (2), (3), see Fig. 1 (a). While the above example (2)-(4) seems to be rather academic, it follows from the results of this paper that many implicit ODEs (1) occurring in applications can be diffeomorphically transformed into (2)-(4) in some neighborhood of their singular points.
The remaining of this paper is structured as follows. After having introduced some basic terminology, we review previous results in Section II. In Sections III and IV, we investigate (1) about singular points of index-0 and index-1 type, respectively, and give sufficient conditions for (1) to be diffeomorphically transformable into the normal from (2)-(4). We also discuss the relation of our results to previous results on the existence of noncontinuable solutions that converge to certain singular points. In Section V, we apply our results to examples from several fields of application, including an electrical network having impasse points. (1) iff is a solution of (5) [24] . The implicit ODEs (1),(5) are called equivalent near if there is a neighborhood of such that a mapping with values in is a solution of (1) iff it is a solution of (5). (Although the term "equivalent" may be applied to explicit ODEs as well, this is largely unnecessary for obvious reasons. In the explicit case, one talks about equivalent flows and phase portraits rather than equivalent equations [1] , [24] . Note also that the terminology varies even in the explicit case [1] , [9] The notion of generalized vector fields leads to a more elegant definition of singular points of index-type for general [20] . We will also consider implicit ODEs of the form (6) where : , :
II. PRELIMINARIES
A. Terms and Definitions
, and is open. The above terminology carries over to (6) by considering (1) with and , where is the identity mapping in .
B. Previous Results
In this paragraph, we give an overview of previous results on the local solution behavior of the implicit ODE (1) near its singular points.
We emphasize that we focus on the local behavior which does not include so-called jump phenomena [26] . Further, as we restrict ourselves to singular points in the sense of Section I, our discussion does not cover consistent points even if they are called singular in other texts [11] , [25] , [27] . Finally, we do not consider the question of whether the situations described by the various conditions imposed are in some sense generic; such results may be found in [6] , [10] , [11] , [27] .
Rabier [14] , Medved' [10] , Guzmán-Gómez [6] , Reißig [20] , and Reißig and Boche [21] , [23] investigated the case where is in the closure of the set of regular points of (1), (6) but is not itself a regular point.
Rabier [14] assumed that is a standard singular point of (1) (7) is an -dimensional submanifold of and (8) is nonzero and independent of and , provided that and .
( is the orthogonal complement in of the linear space
.) The point is called accessible or attracting if , and inaccessible or repelling if [14] , [16] . Rabier has shown that the set of standard singular points of (1) is an -dimensional submanifold of , each of its connected components consisting either entirely of accessible, or entirely of inaccessible points, and that all solutions of (1) are transversal to from (7) in the sense defined in [14] . Further, (1) is equivalent to (6) near , where , , and is the transpose of the matrix of cofactors of , and the following holds for accessible (resp. inaccessible) standard singular points of (1), provided that and : 1) There are exactly two solutions and of (1) defined on (resp. ) for some such that .
2) The derivatives of solutions of (1) are unbounded near , i.e., . Fig. 1(b) illustrates that situation. Medved' has considered the implicit ODE (6) with , ,
, and and of class [10] . (Equation (6) is augmented by an output equation in [10] , a case not discussed here.) Under the assumption , he has shown that (6) is -conjugate near 0 to (9) (10) for some :
. In particular, this holds if and of (1) . It has been shown in [10] that (6) is -conjugate near 0 to:
near 0, provided that for some . Here, : , :
and for all . Guzmán-Gómez [6] has extended Medved's results as follows:
The implicit ODE (6) is -conjugate near 0 to (11), (12) is a submersion at 0. A similar result (with nonzero rather than constant) may be found in [27] .
Imposing finite smoothness conditions on , , and , Reißig and Boche [21] , [23] have given sufficient conditions for the implicit ODEs (1) and (6) to be -conjugate near to the normal form (2) , (3) with , for some , which are presented in Section III.
Under the assumption that and are of class for some and that ( ) and ( ) hold, Reißig has shown the following [20] .
There is a neighborhood of such that for all and all solutions of (6) Almost identical results for the case may be found in [13] .
The case that (1) is of index 1 on but not at has been investigated by Venkatasubramanian, Schättler and Zaborsky [29] , Rabier and Rheinboldt [16] , Winkler [30] , Reißig [19] , [20] , and Reißig and Boche [22] .
Venkatasubramanian, Schättler, and Zaborsky [29] have considered the semi-explicit case (13) (14) of the implicit ODE (1), where : and :
. Through investigation of the vector field sufficient conditions for the existence of noncontinuable solutions of (13), (14) that converge to have been obtained. Rabier and Rheinboldt [16] have assumed that and of (1) are of class , that there is some such that for all , where
and that the mapping : is a submersion, which implies that is an -dimensional -submanifold of . For , sufficient conditions for the existence of exactly two noncontinuable solutions that converge to have been given. These conditions are equivalent to being a standard singular point of the reduction of (1) near [16] , a description of (1) in coordinates of .
Winkler [30] has investigated the semi-implicit, quasi-linear case (15) (16) of (1), where :
, : , :
, is a submersion, and is surjective for all . Winkler has shown that, apart from different smoothness requirements, is a standard singular point of the reduction of (15), (16) near considered in [16] iff it is a standard singular point of (17) Reißig [19] , [20] has investigated several classes of impasse points of the semi-explicit case (13) , (14) and of a non-autonomous variant of (13), (14) . By a method of proof totally different from those used in the works discussed above, he obtained sufficient conditions for the existence of noncontinuable solutions of (13), (14) converging to under weaker smoothness assumptions on both , and the -component of solutions of (13), (14) .
Furthermore, Reißig [20] has shown that ( )-( ) above hold for the implicit ODE (15), (16) if , , for some , , and ( ) and ( ) hold for and defined by Almost identical results for the case may be found in [13] .
Reißig and Boche [22] have announced conditions under which (15) , (16) near is -conjugate to the normal form (2)-(4). Their result for is contained in Theorem IV.1 of this paper. Their results for are wrong. Theorem IV.1 of this paper, the hypotheses of which involve iterated directional derivatives defined earlier in this section, can be regarded as a correction of the results from [22] .
III. SINGULAR POINTS OF INDEX-0 TYPE
In this section, we investigate the case of singular points of index-0 type which are in the closure of the set of regular points of (1), (6) 
and assume further that
holds for all with and for all , (iv) . Then the differential equation (6) is -conjugate near to the normal form (2), (3) with near 0. Moreover, there is a -diffeomorphism that transforms solutions of (2)-(4) into solutions of (6) such that (19) for some
To prove the Theorem, we will first apply the method from the Straightening-Out Theorem for explicit ODEs to (20) in order to obtain a diffeomorphism that transforms (6) into (21a) (21b) see Fig. 2(a) . Then we straighten out the set and find a diffeomorphism that transforms (21) where iff in some neighborhood of 0, see Fig. 2(b) .
Finally, we solve the differential equation which depends on the parameter . From the solution, we construct another diffeomorphism that transforms (22) into (2) 
It follows from (23), (24), (25), (26) [20] . Apply the method from the proof of the Straightening-Out theorem for explicit ODEs [1] , [32] to (20) : Let be the flow of (20) defined on some neighborhood of the origin in and define by is a local -diffeomorphism as and . Further, (28) for all . Hence, the change of coordinates transforms (6) into (29) where we have set , so that (6), (21), (29) 
In addition, iff for sufficiently small. fulfills the hypotheses of Lemma III.2: Obviously, and exists on some neighborhood of the origin and is due to the special form of in (32) . Further, if and , as well as by (28), (30), (ii), and (iii).
Let be the -mapping that exists by Lemma III.2 and define is a local -diffeomorphism by Lemma III.2. It is straightforward to show that transforms (31) into (2)- (4), so that (2)- (4) is -conjugate to (31) . , (30) , and Lemma III.2 together imply (19) .
We now show that the case of standard singular points investigated by Rabier corresponds to the special case " " of Theorem III.1:
III.3 Theorem.: The point is a standard singular point of (1) iff the hypotheses of Theorem III.1 are met for , , and some . In this case, (1) is -conjugate near to (2)-(4) with near 0, and the values of (8), (18) coincide for all and all We shall need the following two auxiliary results from [20] . The second, Lemma III.5, shows the importance of Theorem III.1 for the implicit ODE (1).
III. On the other hand, follows from (i), and (iv) implies , i.e., , and hence, ( ). For from (34) we get from Lemma III.4 and (iv), so that, in particular, ( ) holds. Further, (33), (iv) and Lemma III.4 imply ( ).
The claim on -conjugacy follows from Lemma III.5 and Theorem III.1.
To prove that the values of (8), (18) coincide, we observe that ( ) and ( ) imply . Further, does not depend on and by ( ). So, for and from (34), and .
IV. SINGULAR POINTS OF INDEX-1 TYPE
In this section, we investigate the case of singular points of index-1 type which, roughly speaking, are of index-0 type after an index reduction of (15), (16) . The main result of this section is Theorem IV.1 which gives sufficient conditions for (6) to be -conjugate near to the normal form (2)- (4) near 0 for some . We show that these conditions for together with an additional hypothesis characterize the situation studied by Rabier and Rheinboldt [16] and Winkler [30] .
The following is the main result of this section.
IV.1 Theorem.:
Consider the implicit differential equation (15), (16), let be as in Theorem III.1, , and let , , and be of class . For , and defined by (35) assume the following:
holds for all with and for all , (iv) . Then, the implicit ODE (15), (16) is -conjugate near to the normal form (2)- (4) (3) is missing.) Moreover, there is a -diffeomorphism that transforms solutions of (2)- (4) into solutions of (15), (16) such that (19) holds for some Note that, according to the above theorem, the implicit ODE , is transformed into its normal form , rather than just , . This is because and we require that is transformed into a positive multiple of the first unit vector, see equation (19) .
Note also that the hypotheses of Theorem IV.1 are conditions on the vector field on rather than conditions on the implicit ODE (17) . Hence, while the condition in hypothesis (iii) of Theorem III.1 could have been replaced with , see Lemma IV.4, the reverse substitution cannot be made in hypothesis (iii) of Theorem IV.1, as can be seen from the example , . The example , on the other hand, shows that the condition in hypothesis (iii) of Theorem III.1 cannot be replaced with . See also Corollary IV.6 and the discussion preceding Corollary IV.7.
To prove the theorem, we will, basically, describe the implicit ODE (15) , (16) and is shown by induction for general , which proves (ii) and (iii).
IV.4 Lemma.: Let the hypotheses of Theorem III.1, except for the conditions (iii) and (iv), be fulfilled. Then, the following conditions are equivalent:
(i) for all with and all , and , (ii) for all with and for all , and , (iii) for all with and for all , and .
If (iii) is fulfilled, then
Proof: Assume without loss. Each of these three conditions implies . As (iii) obviously implies (i) and (ii), we assume (i) or (ii) and show that (iii) holds.
Without loss, let : be a -submersion with . If (i) is fulfilled, is shown exactly as in the proof of Th. III. be a -submersion with . As can be shown exactly as in the proof of Lemma IV.4, the mapping is a submersion. In her investigation of the implicit ODE (15), (16), Winkler [30] assumes that is surjective. Likewise, the assumptions of Rabier and Rheinboldt [16] imply that is of constant rank for all in some neighborhood of in , which may be reduced to the case of being surjective. It follows from our next result that, under the assumption that is surjective, the requirements of Winkler [30] and Rabier and Rheinboldt [16] for (15) , (16) are equivalent to the hypotheses of Theorem IV.1 for . Of course, the condition in (iii ) could be replaced with in Corollary IV.6, see Lemma IV.4. In fact, (ii ) and (iii ) are, in essence, conditions on the implicit ODE (17) . So, while we have proved Theorem IV.1 by applying Theorem III.1 to a reduction of the implicit ODE (15), (16) (15), (16) . Then the hypotheses of Theorem IV.1 are fulfilled with iff the conditions ( )-( ) of Section II are fulfilled for and , i.e., iff is a standard singular point of the reduction (17) . In that case for from (35), all and all
Proof: If , the hypotheses (ii) and (iii) of Theorem III.1 and (ii) and (iii) of Theorem IV.1 are redundant by Corollary IV.6 and the Implicit Function Theorem. So, for and , the hypotheses of Theorem III.1 on and are equivalent to those of Theorem IV.1. Now apply Theorem III.3.
So, by means of Theorem IV.1, we have been able to transform the implicit ODE (15), (16) around into its normal form (2)- (4) with under conditions that are weaker than those given in [16] for the existence of noncontinuable solutions converging to . Furthermore, that normal form (2)- (4) around the origin does not meet the assumptions of [16] , which shows that these assumptions are not purely geometric. It must be said that the results of [16] directly apply to implicit ODEs of the more general form (1). However, under the conditions imposed in [16] on (1), it is obvious that (1) can be transformed into an implicit ODE of the form (15), (16) that fulfills the hypotheses of Theorem IV.1 with .
V. APPLICATIONS
V.1 Example.:
The implicit ODE (1) with and models a phenomenon seen in punch stretching of sheet metal [8] . The set from (7) equals , and, with the exception of (0, 0), all points in are standard singular points. Indeed, for all , and hence, ( ) and ( ) are fulfilled for all . Furthermore, ( ) holds since for . As and for , the hypotheses of Theorems III.1 and III.3 are fulfilled for , , and . See Fig. 3 for an illustration.
V.2 Example.: The circuit from Fig. 4 (a) may be described by the implicit ODE (15) , (16) 
is a voltage dependent capacity, is a current dependent inductivity, : , , and and for all . We consider (15), (16) near the point , where 4 is the local minimum point of .
Note that this example has been investigated in our earlier papers [19] , [21] , where we have established that is an impasse point [19] and that its reduction (17) is -conjugate to the normal from (2), (3) . By Theorem IV.1 of this paper, we show that the circuit equations (15) , (16) themselves are -conjugate to the normal form (2)-(4):
In the terminology of Theorem IV.1 we have and . Hence, the hypotheses of Theorem IV.1 are fulfilled with 
V.3 Example:
The following example has been investigated earlier in [3] , [13] , [17] , [22] , [23] . However, this paper is the first to establish conjugacy to the normal form (2)-(4).
Byrne and Ho (see [3] ) give the differential equations
as a model of a pipeline problem: To successfully pipe a certain foam, the foam is surrounded by an incompressible lubricating film. The question of interest is whether it is possible to keep the pressure sufficiently high in the whole pipeline. In (45), (46), the (dropped) argument of , and is the space coordinate along the pipeline in cm. is the thickness of the lubricating film in cm, is the pipeline pressure in N cm , and is the pressure at the beginning of the pipeline. , , , , , and are prescribed parameters:
, , , , , and . The equations (45), (46) make sense if , and the argument of the logarithm are positive.
By means of the substitutions , , from [17] as well as we arrive at the implicit ODE (15) , (16) , and Theorem IV.1 that the pressure in the pipeline tends to 0 and that the flow chokes, provided that the pipeline is sufficiently long, see Fig. 5(a) . From the numerical simulation we see that the minimum length of the pipeline for this to happen is about 110 km, see Fig. 5(b) . Note that choking flow does not correspond to a vanishing argument of the logarithms in (45),(46), cf. [3] . Note also that the result from [6] is not applicable here.
VI. CONCLUSIONS
We have shown that certain implicit ODEs about their singular points may be diffeomorphically transformed into the normal form (2)-(4). This extends known results to cases previously not covered.
Furthermore, we have extended known results in that we have been able to transform implicit ODEs around a point into the normal form (2)-(4) under conditions that are weaker than those previously given in [16] for the existence of a noncontinuable solution converging to , see the discussion at the end of Section IV.
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